We consider a family of compact, oriented and connected n-dimensional manifolds X ε shrinking to a metric graph as ε Ñ 0 and describe the asymptotic behaviour of the eigenvalues of the Hodge Laplacian on X ε . We apply our results to produce manifolds with spectral gaps of arbitrarily large size in the spectrum of the Hodge Laplacian.
Introduction 1.Motivation
A graph-like manifold is a family of compact, oriented and connected n-dimensional Riemannian manifolds tX ε u εą0 made of building blocks according to the structure of a given metric graph, i.e. a graph where each edge is associated a length. The manifolds X ε have the property that they shrink to the metric graph as ε Ñ 0. A graph-like manifold is constructed from edge neibhourhoods X ε,e " r0, ℓ e sˆε Y e and vertex neighbourhoods X ε,v according to the underlying graph. The shrinking parameter ε is, roughly speaking, the radius of the tubular neighbourhood, or in other words, the length scaling factor of the transversal manifold Y e at an edge e. A precise definition is given in Section 4.
Graph-like manifolds have been used in purely mathematical contexts as well as in applications in Physics. One prominent example in spectral geometry is given by Colin de Verdière in [CdV86] , where he proved that the first non-zero eigenvalue of a compact manifold of dimension n ě 3 can have arbitrary large multiplicity. In Physics, graph-like manifolds, or more concrete, small neighbourhoods of metric graphs embedded in R n are used to model electronic or optic nano-structures. The natural question arising is if the underlying metric graph is a good approximation for the graph-like manifold.
The Laplacian ∆ 0 Xε on functions on graph-like manifolds has been analysed in detail, and the convergence of various objects such as resolvents (in a suitable sense), spectrum etc. is established in many contexts, see again [Pos12, EP13] for more details and references.
Aim of this article and main results
The aim of this article is to consider the eigenvalues of the Laplacian ∆ ‚ Xε acting on differential forms on the graph-like manifold and analyse their behaviour as ε Ñ 0. To fix the
notation in more detail, denote by ∆ p Xε the Laplacian acting on p-forms on X ε . Any p-form can be decomposed into its exact, co-exact and harmonic component (see (14) for details), and the Laplacian leaves this decomposition invariant. We denote the j-th eigenvalue of the Laplacian acting on exact resp. co-exact p-forms on X ε counted with respect to multiplicity byλ p j pX ε q resp. " λ p j pX ε q (j " 1, 2, . . .) and call them for short exact and co-exact eigenvalues.
(Throughout this article, we will use the labels‚ and " ‚ for exact and co-exact eigenvalues of Laplacians, respectively.) By Hodge duality and "supersymmetry" (the exterior derivative d resp. its (formal) adjoint d˚is an isomorphism between co-exact and exact eigenforms resp. vice versa, see the proof of Theorem 5.2), we havē 
so that it suffices to consider only the exact eigenvaluesλ p j pX ε q for 1 ď p ă n{2`1 or the coexact eigenvalues " λ p j pX ε q for 0 ď p ă n{2. In particular, if n " 2, then the entire (non-zero) spectrum of the differential form Laplacian is determined by its Laplacian on functions. This case can be considered as "trivial" in this article, as the convergence for functions has already been established in earlier works (see again [Pos12, EP13] and references therein).
On the metric graph, we have also the notion of p-forms, but only co-exact 0-forms and exact 1-forms are non-trivial (apart from the harmonic forms determined by the topology of the graph). We denote the spectrum of the Laplacian on 0-forms (functions) and (exact) 1-forms on the graph X 0 by λ 
and speak of the eigenvalues of the metric graph. To be consistent with the limit, we also set λ j pX ε q :"λ 1 j pX ε q " " λ 0 j pX ε q. Recall that Y e denotes the transversal manifold at the edge e. Our main result of this article is now the following: Theorem 1.1. Let X ε be a graph-like Riemannian n-dimensional compact manifold and X 0 its underlying metric graph, then the following is true:
(i) The 0-form eigenvalues, or equivalently, the exact 1-form eigenvalues of X ε converge to the eigenvalues of X 0 , i.e., λ j pX ε q "λ 1 j pX ε q ÝÑ εÑ0 λ j pX 0 q (3a)
for all j " 1, 2, . . ..
(ii) Assume that n ě 3 and 2 ď p ď n´1, and that all transversal manifolds Y e have trivial pp´1q-th cohomology group (i.e., H p´1 pY e q " 0 for all edges e), then we havē
for the first eigenvalue of exact p-forms on X ε .
As a consequence of our eigenvalue ordering, all other eigenvaluesλ p j pX ε q (j " 1, 2, . . .) for 2 ď p ď n´1 diverge, too. We emphasise that the first part on the eigenvalue convergence is a simple consequence of the convergence for the eigenvalues on 0-forms (functions) already established in earlier works (see again [EP05, Pos12] and references therein).
We say that the graph-like manifold X ε is transversally trivial if all transversal manifolds Y e are Moore spaces, i.e., they have trivial cohomology in the sense that H p pY e q ‰ 0 only for p " 0 and p " n´1 (see Example 4.1 for a construction of such manifolds).
If we assume that X ε is transversally trivial, we can summarise our result as follows:
• For functions, the convergence result has been established before. Duality gives convergence for n-forms.
• For exact 1-forms, we also have convergence due to supersymmetry. Duality gives also convergence for co-exact pn´1q-forms.
• For co-exact 1-forms and hence exact pn´1q-forms, we have divergence (this case only appears if n ě 3).
• All other p-forms with 2 ď p ď n´2 diverge (this case only appears if n ě 4).
If the cohomology of Y e is non-trivial, then the above list is still true, but divergence only happens for higher eigenvalues, i.e.,λ As a consequence of the above theorem, we obtain the following result (for the notion of Hausdorff convergence, see Section 6.1): Corollary 1.2. Assume that the graph-like manifold is transversally trivial (i.e., all transversal manifolds Y e have trivial cohomology for p " 1, . . . , n´2). Then the spectrum of the differential form Laplacian converges to the spectrum of the metric graph. More precisely, for all λ 0 ą 0 we have that σp∆ ‚ Xε q X r0, λ 0 s converges in Hausdorff distance to σp∆ X 0 q X r0, λ 0 s. Furthermore, we asked ourselves about the relation between spectral gaps in the spectrum of the Laplacian acting on 1-forms on X ε and X 0 , i.e., about intervals pa, bq not belonging to the spectrum. In particular, we have as immediate consequence of the asymptotic description of the spectrum in Theorem 1.1 resp. Corollary 1.2 the following result on spectral gaps (i.e.intervals disjoint with the spectrum): Corollary 1.3. Assume that the graph-like manifold is transversally trivial, and suppose that pa 0 , b 0 q is a spectral gap for the metric graph X 0 then there exist a ε , b ε with a ε Ñ a 0 and b ε Ñ b 0 such that pa ε , b ε q is a spectral gap for the Hodge Laplacian on X ε on all degrees, i.e., σp∆ ‚ Xε q X pa ε , b ε q " H. In our applications below, a ε " a " 0 (as 0 is always an eigenvalue of the (entire) Hodge Laplacian on all degrees), hence we can choose p0, b ε q as common spectral gap.
Related works
Bounds on first non-zero eigenvalues: There has been some work about the spectral gap at the bottom of the spectrum (i.e. estimates of the first non-zero eigenvalue). For example, one can consider the quantity κpL, X, gq :" λ 1 pLqpvol n pX,
where L is an elliptic operator of order m on the n-dimensional compact Riemanian manifold pX, gq (the powers assure that κ is scale-invariant, i.e., if r g " τ 2 g for some constant τ ą 0, then r L " τ´mL and vol n pX, r gq " τ n pvol n pX, gq, hence κp r L, X, r gq " κpL, X, gq. Berger [Ber73] asked whether sup g metric on X κp∆ pX,gq , X, gq is finite on a given manifold X. The answer is yes in dimension 2 with constant κp∆ pX,gq , X, gq ď 8πpγpXq`1q (
for a surface of genus γpXq ( [YY80] ). Our analysis shows that the bound is optimal in the sense that for any δ ą 0 there is a sequence of Riemannian surfaces pX i , g i q of genus γpX i q Ñ 8 (graph-like manifolds based on Ramanujan graphs) such that
i.e., the bound γpX i q in (5) is asymptotically optimal (see Corollary 6.4). This result is very much in the spirit of [CG14] , where Colbois and Giruoard construct graph-like manifolds X i based on Ramanujan graphs. They use as operator L the Dirichlet-to-Neumann operator on BX i with metric h i , and they show that κpΛ pBX i ,h i q , BX i , h i q{γpX i q is uniformly bounded from below, in particular, κpΛ pBX i ,h i q , BX i , h i q Ñ 8 as i Ñ 8. For higher dimensions, the answer to the finiteness of κp∆ pX,gq , X, gq is no, as on a compact manifold X of dimension 3 or higher, there are sequences of metrics g i such that κp∆ pX,g i q , X, g i q Ñ 8 as i Ñ 8 (see e.g. [CD94] and references therein).
For L being the Laplacian on p-forms (2 ď p ď n´2) with n ě 4, there are also examples of metrics g i on a given manifold such that κpL, X, g i q tends to infinity (see [GP95] ). Actually, they proved the result for exact p-forms (2 ď p ď n´1), allowing also n " 3. We rediscover their result (Proposition 6.1). Unfortunately, it seems to be impossible to construct a sequence of metrics such that κ ‚ i :" κp∆ ‚ pX,g i q , X, g i q tends to infinity for the entire Hodge Laplacian ∆ ‚ pX,g i q acting on all degrees (including functions), as on any manifold X of dimension n ě 3 there is a sequence of metrics such that the (rescaled) exact p-form spectrum diverges, while the function spectrum converges (Corollary 6.6).
Conjecture 1.4. We conjecture that on a compact manifold X of dimension n ě 3, we have a uniform bound on the entire (non-zero) Hodge Laplace spectrum sup g metric on X κp∆ ‚ pX,gq , X, gq ă 8.
This conjecture is consistent with the case n " 2, as the Hodge Laplacian on a surface is entirely determined by the function spectrum, and hence (7) holds as well.
Colbois and Maerten [CM10] have shown that on any compact manifold X of dimension n ě 2 there is a sequence of metrics g i such that κp∇˚∇ p pX,g i q , X, g i q Ñ 8, where ∇˚∇ p pX,g i q denotes the rough (Bochner) Laplacian on p-forms, 1 ď p ď n´1.
Organisation of the paper
Other related works: There is another research line for "collapsing" manifolds, where one considers families of manifolds with singular limit, but under some curvature bounds. Such a limit usually induces extra structure. We refer to [Jam05] and [Lot02] or [Lot14] for an overview. Let us stress that our graph-like manifolds X ε always have curvature tending tȏ 8 as ε Ñ 0. Moreover, Jammes showed in [Jam11] (see also the references therein) that on any compact manifold of dimension n ě 6, one can prescribe the volume and any finite part of the spectrum of the Hodge Laplacian acting on p-forms if 1 ď p ă n{2 and n ě 6 (in the spirit of Colin de Verdière [CdV86, CdV87] , who treated the function case p " 0). There are related results on constructing metrics such that the Hodge Laplacian has certain spectral properties also in [Gue04, GS04] . In all these "spectral engineering" papers, graph-like manifolds play a prominent role. Chanillo and Treves showed in [CT97] a lower bound on the entire Hodge Laplace spectrum in terms of certain "admissable" coverings of the manifold.
The paper is organised as follows. In Section 2 we briefly describe discrete and metric graphs and their associated Laplacians on functions and on 1-forms. In Section 3 we review some facts on Laplacians on differential forms as well as some useful facts about their eigenvalues. Section 4 is dedicated to the description of graph-like manifolds and their harmonic forms. Section 5 contains the proof of our main result Theorem 1.1, namely the convergence of exact 1-forms and the divergence result for higher degree forms. Finally in Section 6 we apply our results to establish the existence of spectral gaps for families of metric graphs and their graph-like manifolds. Moreover, we construct example of (families of) manifolds with (upper or lower) bounds on the first eigenvalue of the Laplacian acting on functions or forms.
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Discrete and metric graphs and their Laplacians
The following material sets the notation; for more references and details we refer e.g. to [Pos12, BKu13] and the references therein. The consideration of functions and forms on discrete and metric graphs can also be found in [Pos09] , see also [GO91] .
Discrete graphs and their Laplacians
Let G " pV, E, Bq be a finite discrete graph, i.e., V " V pGq and E " EpGq are finite sets (vertices and edges respectively) and B : E Ñ VˆV is such that e Þ Ñ pB´e, B`eq associates to an edge its initial and terminal vertex fixing an orientation for the graph, crucial when working with 1-forms. We assume (without stating each time) that all discrete graphs are connected.
For each vertex v P V we denote with
Ev " te P E | B˘e " vu the set of incoming and outgoing edges at a vertex v and with
(disjoint union) the set of vertices emanating from v. The degree of a vertex is the number of emanating edges, i.e., deg v :" |E v |.
Note that we allow loops, i.e., B´e " B`e " v, and each loop is counted twice in deg v (as we have taken the disjoint union in EvŸ Ev ). We also allow multiple edges, i.e., edges with the same starting and ending point. Assume that G " pV, E, Bq is a discrete graph and ℓ : E ÝÑ p0, 8q a map associating to each edge a number ℓ e ą 0 (its "length", as we will interpret it below). Given a function F : V ÝÑ C on the vertex space of G (or a vector F P V C , if you prefer), the discrete Laplacian (on functions)
where v e is the vertex on the opposite site of v on e P E v . We note that ∆ G can also be defined as ∆ G " dGd G where
and where ℓ 2 pV, degq " C V resp. ℓ 2 pE, ℓ´1q " C E carry the norms given by
and where dG is its adjoint operator with respect to the corresponding inner products. We can equally define a Laplacian on 1-forms by ∆
Metric graphs and their Laplacians
Let G " pV, E, Bq be a discrete graph and ℓ : E Ñ p0, 8q a function associating to each edge e P E a number ℓ e ą 0 which we will interpret as length as follows. We define a metric graph associated with the discrete graph G as the quotient
where I e :" r0, ℓ e s and ∼ is the relation identifying the end points of the intervals I e according to the graph: namely, x " y if and only if ψpxq " ψpyq where ψ :Ť ePE I e Ñ V , 0 P I e Þ Ñ B´e, ℓ e P I e Þ Ñ B`e and ψpxq " x for x PŤ ePE p0, ℓ e q.
On a metric graph, we have a natural measure (the Lebesgue measure on each interval) allowing us to define a natural Hilbert space of functions and 1-forms by
with norms given by
and }α}
for functions f : X 0 ÝÑ C, f " pf e q ePE and 1-forms α " pα e q ePE " pg e ds e q ePE on X 0 , respectively. Note that functions on I e can obiouvsly be identified with 1-forms via g e Þ Ñ g e ds e ; the difference of forms and functions appears only in the domain of the corresponding differential operators below. We define the exterior derivative
where
e q ePE P L 2 pX 0 qu and where CpX 0 q denotes the space of continuous functions on X 0 .
It is not difficult to see that d " d X 0 is a closed operator with adjoint given by d˚pg e ds e q ePE "´pg 1 e q ePE with domain dom d˚"
α is the oriented evaluation of α, i.e., ñ α e pvq " #´g e p0q, v " B´e g e pℓ e q, v " B`e.
The Laplacians acting on functions and 1-forms defined on X 0 are the operators
Writing the vertex conditions for the Laplacian on functions explicitly, we obtain the conditions f e pvq :" # f e p0q, v " B´e f e pℓ e q, v " B´e is independent of e P E v and ÿ
called standard or Kirchhoff vertex conditions. The first condition can be rephrased as continuity of f on the metric graph, while the second is a flux conservation considering the derivative df " pf 1 e q e as vector field.
Discrete and metric Ramanujan graphs
Remark 2.1. We remark that ∆
are both non-negative operators and fulfil a "supersymmetry" condition in the sense of [Pos09, Sec. 1.2]. As a consequence, their non-zero spectrum including multiplicity are the same ([Pos09, Prop. 1.2], see also the proof of Theorem 5.2). This remark applies also to the discrete graph Laplacians ∆ 0 G " dGd G and ∆ 1 G " d G dG of Section 2.2, as well as to the co-exact and exact Laplacian
Xε " d Xε dX ε , respectively, explaining the second relation in (1). Finally, we remind the reader that whenever the graph is equilateral, i.e., ℓ e " ℓ 0 for all e P E, the spectra of the discrete Laplacian and the metric Laplacian on 0-forms are related in the following sense. Let Σ :" tpjπ{ℓ 0 q 2 | j " 1, 2, . . . u be the Dirichlet spectrum of the interval r0, ℓ 0 s, then
for all λ R Σ (see e.g. [Nic85, Cat97] 
A discrete graph G is k-regular, if all its vertices have degree k. For ease of notation we assume here that the graph G " pV, E, Bq is simple, and we write v " w for adjacent vertices.
Definition 2.2. Let G be a k-regular discrete graph with n vertices and let ∆ G be its (normalised) discrete Laplacian. The graph G is said to be Ramanujan if
Note that many authors use the eigenvalues of the adjacency matrix A G as the spectrum of a graph. The adjacency matrix is given by pA G q v,w " 1 if v " w and pA G q v,w " 0. As v " w is equivalent with w " v, the adjacency matrix if symmetric. For a k-regular graph, we have the relation
with the discrete graph Laplacian (with "length" function ℓ e " 1, see Section 2.1). Note that σpA G q Ă r´k, ks and σp∆ G q Ă r0, 2s, and that k, resp. 0, is always an eigenvalue of A G , resp. ∆ G , while´k, resp. 2, is an eigenvalue of A G , resp. ∆ G , if and only if the graph is bipartite (recall that we assume that G is a finite graph). We define the (maximal) spectral gap length of a discrete graph by
i.e., γpGq is the distance from the non-trivial spectrum 0 (resp. 0 and 2 in the bipartite case) of the Laplacian ∆ G from t0, 2u resp. t´k, ku. Hence, a graph is a Ramanujan graph if its spectral gap length has size at least
It has been shown that the lower bound is optimal, i.e., for any k-regular graph (or even for any graph with maximal degree k) with diameter large enough, the spectral gap length is smaller than 1´2 ? k´1{k`η, where 1{η is of the same order as the diameter (see [Nil91, Thm. 1] and references therein).
The existence of infinite families tG i u iPN of k-regular graphs has been shown whenever k is a prime or a power of a prime (see e.g. [LPS88, Mar88, Mor94] ). Recently, the existence of infinite families of regular bipartite Ramanujan graphs of every degree k ą 2 has been proved in [MSS14] by showing that any bipartite Ramanujan graph has a 2-lift which is again Ramanujan, bipartite and has twice as many vertices.
Let tG i u iPN be a family of Ramanujan graphs such that
and consider the associated family of equilateral metric graphs tX ith h " h k :" arccos
at the bottom of the spectrum.
The Hodge Laplacian and their eigenvalues
In this section, we collect some general facts on differential forms, the Hodge Laplacian and its spectrum.
Differential forms and the Hodge Laplacian
Let pM, gq be a compact, oriented and connected n-dimensional Riemannian manifold. Its Riemannian metric g induces the L 2 -space of p-forms
and where˚denotes the Hodge star operator (depending on g). The Laplacian on p-forms on M is formally defined as ∆ p pM,gq " ∆ p " dδ`dδ where d is the classical exterior derivative 3.1 Differential forms and the Hodge Laplacian and δ " p´1q np`n`1˚d˚i ts formal adjoint with respect to the inner product induced by g. If M has no boundary, then δ is the L 2 -adjoint of d and ∆ p is a non-negative self-adjoint operator with discrete spectrum denoted by λ p j pM, gq (repeated according to multiplicity). We allow that M has a boundary BM, itself a smooth manifold of dimension n´1. As in the function case, it is possible to impose boundary conditions for functions in the domain of the Hodge Laplacian. To do so, we first decompose a p-form ω in its tangential and normal components on BM, i.e., ω " ω tan`ωnorm where ω tan can be considered as a form on BM while ω norm " dr^ω K with ω K being a form on BM and r being the distance from BM. The Hodge Laplacian with absolute boundary conditions is given by those forms ω such that ω norm " 0 and pdωq norm " 0 while relative boundary conditions require ω tan " 0 and pδωq tan " 0.
These boundary conditions give rise to two unbounded and self-adjoint operators ∆ abs and ∆ rel with discrete spectrum, the Hodge Laplacians with absolute and relative boundary conditions, respectively (see e.g. [Cha84] or [McG93] ). Recall that for functions, the absolute correspond to Neumann while the relative correspond to Dirichlet boundary conditions. Furthermore, since the Hodge star operator exchanges absolute and relative boundary conditions, there is a correspondence between the spectrum of ∆ abs and the spectrum of ∆ rel , which allows us to study just one of them to cover both cases. In the sequel, we will only consider absolute boundary conditions if the manifold has a boundary, and hence we will mostly suppress the label p¨q abs for ease of notation. In an L 2 -framework, we consider d and δ 0 as unbounded operators, defined as the closures d and δ 0 of d and δ 0 on
respectively. The Hodge Laplacian with absolute boundary condition is then given by
For this operator, Hodge Theory is still valid. In particular, the de Rham theorem holds (see [McG93, Sec. 2 .1] and references therein): the space of harmonic p-forms (with absolute boundary conditions if the boundary is non-empty) H p pM, gq, is isomorphic to the p-th de Rham cohomology, H p pMq, and any p-form ω P L 2 pΛ p pM, gqq can be orthogonally decomposed into an exact (dω), co-exact (δ " ω) and harmonic (ω 0 ) component, i.e.,
whereω P dom d is a pp´1q-form, " ω P dom δ 0 is a pp`1q-form and ω 0 is a harmonic p-form. Moreover, the Hodge Laplacian leaves these spaces invariant and maps p-forms into p-forms. In particular, we can consider the eigenvalues of the Hodge Laplacian acting on
Let pM, gq be a n-dimensional compact Riemannian manifold without boundary and let tU i u m i"1 be an open cover of M such that U ij " U i X U j have a smooth boundary. Moreover, we denote by
the index set of neighbours of U i . We say that the cover tU i u i has no intersection of degree r iff U i 1 X¨¨¨X U ir " H for any r-tuple pi 1 , . . . , i r q with 1 ď i 1 ă i 2 ă¨¨¨ă i r ď m.
We choose a fixed partition of unity tρ j u m j"1 subordinate to the open cover and we set }dρ} 8 :" max i sup xPU i |dρ i pxq| g .
Furthermore, we denote byλ p,abs 1 pUq the first positive eigenvalue on exact p-forms on U satisfying absolute boundary conditions on BU. Finally, denote by H p pU ij q the p-th cohomology group of U ij .
Proposition 3.1. Let M and tU i u m i"1 be as above. Assume that the open cover has no intersection of degree higher than 2 and H p´1 pU ij q " 0 for all i, j. Then, the first positive eigenvalue of the Laplacian acting on exact p-forms on M satisfies
here c n,p is a combinatorial constant depending only on p and n.
We remark that these assumptions impose a topological restriction on the manifold as such an open cover does not necessarily exist. Actually, the following general version holds for higher exact eigenvalues: Proposition 3.2. Let M and tU i u i be as above and assume that the open cover has no intersection of degree higher than 2. We set N 1 " ř i,j dim H p´1 pU i,j q and N " N 1`1 .
A variational characterisation of exact eigenvalues
Then, the N-th eigenvalue of the Laplacian on exact p-forms on M satisfies
We will make use of the following characterisation of eigenvalues of the 
where V j ranges over all j-dimensional subspaces of smooth exact p-forms and θ is a smooth pp´1q-form.
The advantage of this characterisation is that the metric only enters via the L 2 -norm, and no derivatives of the metric or its coefficients are needed.
As a consequence we have (see [Dod82, Prop. Proposition 3.4. Assume that g and r g are two Riemannian metrics on M such that c 2 g ď r g ď c 2 g for some constants 0 ă c´ď c`ă 8, i.e., c 2 g x pξ, ξq ď r g x pξ, ξq ď c 2 g x pξ, ξq for all ξ P Tx M and x P M, then the eigenvalues of exact p-forms with absolute boundary conditions fulfil
for all j " 1, 2, . . .
As a consequence, the eigenvaluesλ p j pM, gq depend continuously on g in the sup-norm. defined e.g. in [Pos12, Sec. 5.2]. In particular, this proposition allows us to consider also perturbation of graph-like manifolds as defined in the next section. For a discussion of possible cases we refer to [Pos12, Sec. 5.2-5.6]). As an example, we could consider tubular neighbourhoods of graphs embedded in R n .
We say that a Riemannian manifold M ε with a metric g ε is ε-homothetic, if pM ε , g ε q is conformally equivalent with a Riemannian manifold pM, gq with (constant) conformal factor ε 2 , i.e., g ε " ε 2 g. For short, we write M ε " εM. It is often convenient to think of the Riemannian manifold M ε as the (ε-independent) manifold M with metric g ε " ε 2 g. Obviously, the scaling with a constant factor leads to the following simple result for pforms on a Riemannian manifold.
Lemma 3.5. Let ω be a p-form on a n-dimensional Riemannian manifold M with metric g, and let εM be the Riemannian manifold pM, ε 2 gq, then we have
Proof. The first assertion follows from the fact that we have |w|
The second follows from the variational characterisation of the j-th eigenvalue of Proposition 3.3, as we have the scaling behaviour
Note that the condition η " dθ is independent of the metric. (This is the advantage of the characterisation of Proposition 3.3!)
4 Graph-like manifolds and their harmonic forms
Graph-like manifolds
A graph-like manifold associated with a metric graph X 0 is a family of oriented and connected n-dimensional Riemannian manifolds pX ε q 0ăεďε 0 (ε 0 small enough) shrinking to X 0 as ε Ñ 0 in the following sense. We assume that X ε decomposes as
where X ε,v and X ε,e are called edge and vertex neighbourhood, respectively. More precisely, we assume that X ε,v and X ε,e are closed subsets of X ε such that
where Y ε,e is a boundaryless smooth connected Riemannian manifold of dimension n´1. Furthermore, we assume that X ε,v is ε-homothetic to a fixed connected Riemannian manifold X v (with metric g v ) as well as Y ε,e is ε-homothetic to a fixed Riemannian manifold Y e (with metric h e ), i.e., X ε,v " ε X v and Y ε,e " ε Y e . Moreover, we assume that X ε,e is isometric to
Harmonic forms
the product I eˆε Y e . If g ε denotes the metric of X ε and g ε,e , resp. g ε,v , the restriction of g ε to the edge, resp. vertex neighourhood, then we have g ε,e " ds 2`ε2 h e and g ε,v " ε 2 g v (17) (after some obvious identifications). We often refer to a single manifold X ε as graph-like manifold instead of the family pX ε q ε as in the definition above. Assume for simplicity that vol n´1 Y e " 1 for all e P E (the general case would lead to the weighted vertex condition ř ePEv pvol n´1 Y e q ñ f 1 e pvq " 0 instead of (8) for the metric graph Laplacian, see [Pos12, EP09] for details).
We call a graph-like manifold pX ε q ε transversally trivial if all transversal manifolds are Moores spaces, i.e., if H p pY e q " 0 for all 1 ď p ď n´2 and all e P E. Note that a member of a transversally trivial graph-like manifold X ε is not necessarily homotopy-equivalent to the metric graph X 0 , as the vertex neighbourhoods need not to be contractible. . For e P E v let Y e " S n´1 with a metric such that its volume is 1. As (unscaled) edge neighbourhood, we choose X 1,e :" r0, ℓ e sˆY e with the product metric. Then we can construct a graph-like (topological) manifold X 1 with a canonical decomposition as in (16) (for ε " 1) by identifying the e-th boundary component of X v with the corresponding end of the edge neighbourhood X 1,e . By a small local change we can assume that the resulting manifold X 1 is smooth; the corresponding family of graph-like manifolds pX ε q εą0 is now given as above by choosing the metric accordingly.
Remark 4.2. Let X be a compact manifold without boundary. The aim of the remark is to show that X can be turned into a graph-like manifold with underlying metric graph being a finite tree graph: think of "growing" the tree out of the original manifold. More formally, construct a graph-like manifold according to a tree graph and leave one cylinder of a leaf (a vertex of degree 1) "uncapped"; glue the original manifold X with one disc removed together with the free cylinder. Obviously, the resulting manifold is homeomorphic to the original manifold X.
We could also modify X such that it becomes a graph-like manifold with respect to topologically more complicated graphs.
We can now define on X ε the corresponding Hilbert spaces of p-forms as in Section 3.1. Since X ε has no boundary, the formal adjoint δ of d is also its Hilbert space adjoint. Moreover, the Hodge Laplacian on p-forms on X ε is given by ∆ p Xε " dd˚`d˚d where d " d Xε and d˚" dX ε are the classical exterior derivative and co-derivative on a manifold (as unbounded operators in the L 2 -spaces).
For completeness we finally turn to the dimension of the class of harmonic 1-forms. For the graph, this dimension is given by its first Betti number, i.e., b 1 pX 0 q " |E|´|V |`1, while for the manifold X ε it is given by the dimension of its first cohomology group H 1 pX ε q.
Since X ε arises from the graph X 0 , the dimension of H 1 pX ε q is the sum of b 1 pX 0 q and the dimension of a subset of the first cohomology group of Ť vPV X ε,v , meaning that the graph-like manifold inherits part of the topology of the underlying metric graph.
In particular, if Y e has trivial p-th cohomology group for 1 ď p ď n´2, i.e., H p pY e q " 0 for all e P E, then the cohomology groups of X ε can be computed explicitly. Using MayerVietoris sequence, the natural splitting (16) and Poincaré duality, we obtain
For the general case, i.e., when some or all of the Y e have non-trival p-th cohomology groups for 1 ď p ď n´2, we do not have a general formula. However, again using Mayer-Vietoris sequence, it is possible to compute the cohomology groups explicitly for concrete examples of edge and vertex neighbourhoods.
Proof of the main theorem
Let us now prove the main result of this article. The convergence result of our main theorem, i.e., (3a) of Theorem 1.1, is more or less "trivial" in the sense that it follows from previous convergence results for functions by a simple supersymmetry argument. The divergence (3b) of Theorem 1.1 is new and proven in Subsection 5.3. As preparation, we need some estimates of exact p-forms with absolute boundary conditions on the building blocks of our graph-like manifolds provided in Subsection 5.2.
Convergence for exact 1-forms
Let X ε be a compact graph-like manifold as constructed in Section 4.1 associated with a metric graph X e . We have already noticed in (1)-(2) and in Remark 2.1, that the co-exact 1-form eigenvalues equal the (exact) 0-form eigenvalues, i.e., the eigenvalues of the Laplacian on functions on X 0 and X ε . For the functions, we have the following result, first proven in the manifold case in [EP05] (based on the results [KuZ01, RS01] ). For a detailed overview and detailed proofs of the result, we refer to [Pos12] .
Denote by λ j pX ε q and λ j pX 0 q the eigenvalues (in increasing order, repeated according to their multiplicity) of the Laplacian acting on functions on the manifold and the metric graph (see (8) for the metric graph Laplacian).
Proposition 5.1 ( [EP05, Pos12] ). Let X ε be a compact graph-like manifold associated with a metric graph X e . Then we have |λ j pX ε q´λ j pX 0 q| " Opε 1{2 {ℓ 0 q for all j " 1, 2, . . ..
where ℓ 0 " min e tℓ e , 1u ą 0 denotes the minimal edge length. Moreover, the error depends only on j, and the building blocks X v , Y e of the graph-like manifold.
Eigenvalue asymptotics on the building blocks
We will need the precise dependency on the edge length and other parameters in Section 6 when considering families of metric graphs and graph-like manifolds. The exact statement on the error term follows from a combination of Thms. 6.4.1, 7.1.2 and 4.6.4 of [Pos12] .
Denote byλ 1 j pX ε q andλ 1 j pX 0 q the j-th eigenvalues of the exact 1-form Laplacian on X ε and X 0 , respectively. The above-mentioned convergence for the eigenvalues for functions immediately gives the convergence for exact 1-forms, using a simple supersymmetry argument as in [Pos09, Sec. 1.2]. For the convenience of the reader, we give a simple proof here:
Theorem 5.2. Let X ε be a graph-like manifold with underlying metric graph X 0 . Denote bȳ λ 1 j pX ε q andλ 1 j pX 0 q the j-th exact 1-form eigenvalue on X ε and X 0 , respectively. Then
Proof. We will just show that the eigenspaces for non-zero eigenvalues of ∆
d˚d are isomorphic (the argument works for ε ą 0 and ε " 0 as well). The convergence result then follows immediately from Proposition 5.1.
As isomorphism, we choose
i.e., df P kerp∆ 1´λ q, hence the above map is properly defined. The map d as above is injective: If df " 0 for f P kerp∆ 0´λ q then λf " ∆ 0 f " d˚df " 0. As λ ‰ 0 we have f " 0. For the surjectivity, let α P kerp∆ 1´λ q. Set f :" λ´1d˚α (we use again that λ ‰ 0).
i.e., d as above is surjective. In particular, we have shown that the spectrum of ∆ 0 and ∆ 1 away from 0 is the same, including multiplicity.
We will now provide some eigenvalue asymptotics for eigenvalues of exact p-forms with absolute boundary conditions on the building blocks of our graph-like manifold. These asymptotics are needed in order to make use of the eigenvalue estimate from below of Proposition 3.1. A vertex neighbourhood X ε,v is by definition ε-homothetic, i.e, X ε,v " εX v . As a result of Lemma 3.5 we have:
Corollary 5.3. Let X ε,v be a vertex neighbourhood of a graph-like manifold X ε . Then, the smallest positive eigenvalue of the Laplacian acting on exact p-forms on X ε,v with absolute boundary conditions satisfies:λ
For the edge neighbourhood, we have to work a little bit more. Note that we cannot make use of the product structure of the underlying space as the product does not respect exact and co-exact forms.
Proposition 5.4. Let X ε,e be an edge neighbourhood of a n-dimensional graph-like manifold X ε . Then, the smallest eigenvalue of the Laplacian acting on exact p-forms (2 ď p ď n´1) with absolute boundary conditions satisfies
where c p pεq Ñλ Proof. By Proposition 3.3 we have to analyse the quotient }η} 2 {}θ} 2 for an exact p-form η and a pp´1q-form θ such that η " dθ. Recall that X ε,e " I eˆε Y e (i.e., I eˆYe with metric g ε,e " ds 2`ε2 h e ). Then, the pp´1q-form θ on X ε,e can be written as
where θ 1 resp. θ 2 is a pp´2q-form resp. pp´1q-form on Y e . Using the scaling behaviour of the metric in a similar way as Lemma 3.5, we have
where the ε-factors appears due to the scaled metric ε 2 h e . The decomposition of dθ according to (20) is given by dθ " pd Ye θ 1`Bs θ 2 q^ds`d Ye θ 2 , 
In particular, if we substitute (21) and (23) into the quotient }η} 2 {}θ} 2 we conclude
This constant is the min-max characterisation of the first eigenvalue of the operator id b∆ 
Divergence for co-exact forms
We will assume for the rest of this section that n ě 3. If dim X ε " 2, then the spectrum of exact and co-exact 1-forms coincide by duality. Hence, the spectrum of the Hodge Laplacian is entirely determined by the spectrum on functions, and hence its behaviour is covered by the results of Subsection 5.1.
We come now to the proof of the divergence of our main theorem, namely to (3b) of Theorem 1.1. We will make use of Proposition 3.1 for 2 ď p ď n´1 assuming that H p´1 pY e q " 0 for all e P E. Then, we will briefly explain how the same argument works for p " 2 and non-trivial cohomology H 1 pY e q ‰ 0 for some e P E using Proposition 3.2. Let H 1 pY e q " 0 for all e P E. Let
be an open cover of X ε , where U ε,v is the open ε-neighbourhood of X ε,v in X ε , or in other words, a slightly enlarged vertex neighbourhood X ε,v to ensure that U ε is an open cover. It is easily seen that U ε has intersection up to degree 2 only (no three different sets of U ε have non-trivial intersection). The intersections of degree 2 are given by X ε,v ,e " U ε,v X X ε,e which is empty (e R E v ) or otherwise isometric to the product p0, εqˆY ε,e , hence ε-homothetic with the product p0, 1qˆY e (recall that we enlarged X ε,v by an ε-neighbourhood). Moreover, X ε,v ,e is homeomorphic to p0, 1qˆY e , and hence homotopyequivalent with Y e . In particular, H p´1 pX ε,v ,e q " H p´1 pY e q. Recall thatλ p j pX ε q denotes the j-th exact p-form eigenvalue on X ε , which equals the j-th co-exact pp´1q-eigenvalue " λ p´1 j pX ε q. We assume n ě 3, as in dimension 2 the Hodge Laplace spectrum is entirely determined by the scalar case. Denote by H p pY e q the p-th cohomology group of the transversal manifold Y e of the edge neighbourhodd X ε,e .
Theorem 5.5. Let X ε be a graph-like manifold of dimension n ě 3 with underlying metric graph X 0 . Assume that 2 ď p ď n´1 and that the pp´1q-th cohomology group of the transversal manifold Y e vanishes for all e P E, i.e., H p´1 pY e q " 0. Then, the first eigenvalue of the Laplacian acting on exact p-forms on X ε satisfies
where τ p ą 0 is a constant depending only on the building blocks X v and Y e of the graph-like manifold, the minimal length ℓ 0 " min ePE tℓ e , 1u and p. In particular, all eigenvaluesλ p j pX ε q of exact p-forms and all eigenvalues " λ p´1 j pX ε q of co-exact pp´1q-forms tend to 8 as ε Ñ 0.
Proof. We will apply Proposition 3.1 to the manifold X ε and the cover U ε (having no intersection of degree higher than 2). The assumptions on the cohomology are fulfilled as the pp´1q-th cohomology of the intersections of degree 2 of the cover vanishes (as we have already stated above). We first look at the denominator of the right hand side of the estimate in Proposition 3.1 and obtain in our situation here
: ε 2 C p pεq.
Note that the cover U ε is labelled by v P V and e P E, and we have rewritten the sum over the edges as a sum over the vertices (leading to the extra term with deg v and the factor 2) for the second equality. For the third equality, we have used the scaling behaviour of the eigenvalues in equations (18) and (19), and a similar one for the ε-homothetic overlap manifold X ε,v ,e . Let us now analyse the constant C p pεq as ε Ñ 0. First, we have seen in Proposition 5.4 that c p pεq Ñλ p 1 pY e q ą 0. Moreover, the norm of the derivative of the partition of unit norm depends on ε as these functions have to change from 0 to 1 on a length scale of order ε on the vertex neighourhoods and on a length scale of order ℓ 0 on the edge neighourhood, hence the derivative is of order ε´1`ℓ´1 0 and ε 2 }dρ ε } 2 8 " Op1q`Oppε{ℓ 0 q 2 q (we will need the dependency on ℓ 0 for Section 6 when we allow ℓ 0 also to depend on e). In particular, C p pεq Ñ C p p0q as ε Ñ 0 provided ε{ℓ 0 remains bounded, where C p p0q depends only on some data of the building blocks.
Proposition 3.1 now givesλ p 1 pX ε q ě 2´3 ε 2 C p pεq which proves our assertion.
Removing the assumption of vanishing cohomology groups we have the following theorem whose proof follows the line of the previous one where we use Proposition 3.2 for the estimate of a higher eigenvalue for exact p-forms on X ε .
Theorem 5.6. Let X ε be a graph-like manifold of dimension n ě 3 with underlying metric graph X 0 . Then the N-th eigenvalue of the Laplacian acting on exact p-forms on X ε satisfies
where r τ p ą 0 is as before and where
Remark 5.7. We point out that the first N´1 eigenvalues of the Theorem above are strictly positive since we consider the spectrum away from zero. However, it is an open question how the eigenvalues behave asymptotically as ε Ñ 0.
Examples
Let us discuss some consequences of our asymptotic description of the Hodge Laplacian spectrum.
Hausdorff convergence of the spectrum and spectral gaps
Let us first come to Corollary 1.2, the Hausdorff convergence of the entire Hodge Laplace spectrum. Let A, B Ă R be two compact sets. The Hausdorff distance of A and B is defined as dpA, Bq :" maxtsup aPA dpa, Bq, sup bPB dpb, Aqu, where dpa, Bq :" inf bPB |a´b|.
A sequence pA n q n of compact sets A n Ă R converges in Hausdorff distance to A 0 if and only if dpA n , Aq Ñ 0 as n Ñ 8. In particular, dpA n , Aq Ñ 0 if and only if for all λ 0 P A 0 there exists λ ε P A ε such that |λ 0´λε | Ñ 0 and for all x P RzA 0 there exists η ą 0 such that rx´η, x`ηs X A ε " H for ε sufficiently small (see e.g. [Pos12, Prp. A.1.6]). Corollary 1.2 about spectral convergence is now an immediate consequence of Theorem 1.1, as in a compact interval r0, λ 0 s, eventually all divergent eigenvalues from higher forms leave this interval, and the remaining ones converge.
A spectral gap of an operator ∆ ě 0 is a non-empty interval pa, bq such that σp∆q X pa, bq " H.
Corollary 1.3 on spectral gap is again an immediate consequence of the Hausdorff convergence of Corollary 1.2 under the assumption that the manifold is transversally trivial (i.e., all transversal manifolds Y e have trivial p-th cohomology for all 1 ď p ď n´2). Examples of manifolds with spectral gaps can be generated in different ways. In [Pos03, LP08] we constructed (non-compact) abelian covering manifolds having an arbitrary large number of gaps in their essential spectrum of the scalar Laplacian, and in [ACP09] , we extended the analysis to the Hodge Laplacian on certain manifolds.
One can construct metric graphs with spectral gaps (and hence graph-like manifolds with spectral gaps) with a technique called graph decoration that works as follows. We consider a finite metric graph X 0 and a second finite metric graph r X 0 . For each v P V pX 0 q, let r X 0ˆt vu be a copy of a finite metric graph r X 0 . Fix a vertex r v of r X 0 . Then the graph decoration of X 0 with the graph r X 0 is the graph obtained from X 0 by identifying the vertex r v of r X 0ˆt vu with v. This decoration opens up a gap in the spectrum of the Laplacian on function on X 0 as described in [Ku05] and therefore in its 1-form Laplacian. Consequently, the associated graph-like manifold has a spectral gap in its 1-form Laplacian (and no spectrum away from 0 for higher forms due to the divergence).
More examples of families of graphs and their graph-like manifolds with spectral gaps are given in Section 6.3.
Manifolds with special spectral properties
Let pX ε q εą0 be a graph-like manifold constructed from a metric graph X 0 with underlying graph pV, E, Bq. We assume that the graph-like manifold is transversally trivial, i.e., all transversal manifolds Y e have trivial homlogy H p pY e q " 0 for all 1 ď p ď n´2. An example of a construction of such graph-like manifolds is given in Example 4.1.
For simplicity, we assume that X 0 is equilateral, i.e., all edge lengths are given by a number ℓ ą 0. (One can easily extend the results to the case when c´ℓ ď ℓ e ď c`ℓ for all e P E and some constants c˘ą 0.)
We write
for all ε ą 0 small enough and constants const˘independent of ε. Let us first summarise the asymptotic spectral behaviour of a graph-like manifold X ε and its dependence on the parameters ε, ℓ, |V |, and |E|. In particular, we have for 0-forms, exact p-forms and co-exact pp´1q-forms and the volume:
where the constants in À etc. depend only on the building blocks X v and Y e of the (unscaled, i.e, ε " 1) graph-like manifold. Eq. (27) follows from analysing the lower bound constant τ p in Theorem 5.5 (or Theorem 5.6). We see that the constant C p pεq in its proof is bounded from above by
where again the constants in À depend only on the building blocks and where we used |V | ď ř vPV deg v " 2|E| for any graph G (assuming that there are no isolated vertices, i.e., vertices of degree 0).
Let us now assume that ℓ " ℓ ε " ε γ depends on ε for some γ P R (negative γ's are not excluded). In particular, X 0 now also depends on ε, and we write ε γ X 0 for metric graph with all edge lengths mulitplies by ε γ . We have
• -For the closeness in (26) to hold we need γ ă 1{2, as the error term is of order ε 1{2 { mintε γ , 1u " ε 1{2´maxtγ,0u .
-For the metric graph eigenvalue, we have λ j pε γ X 0 q " ε´2 γ λ j pX 0 q.
-For the metric graph eigenvalue (of order ε´2 γ ) to be dominant with respect to the error (of order ε 1{2´maxtγ,0u ), we need γ ą´1{4. Hence • For the divergence in (27) to hold we need γ ă 2. In particular, we havē Constant volume and arbitrarily large form eigenvalues: The following example gives another answer to a question of Berger [Ber73] , answered already in [GP95] (see also the references therein for further contributions). Their Theorem 1 says that for any closed manifold X of dimension n ě 4 there exits a metric of volume 1 such that λ p 1 pXq (the non-harmonic spectrum) is arbitrarily large. Note that their construction corresponds to a simple graph with one edge and two vertices. We have the following result.
Proposition 6.1. On any transversally trivial graph-like manifold of dimension n ě 3 there exists a family of metrics r g ε of volume 1 such that for the first eigenvalue on exact p-forms we haveλ p 1 pX, r g ε q Ñ 8 as ε Ñ 0 for 2 ď p ď n´1. Moreover, the function (p " 0) and exact 1-form spectrum converges to 0, i.e., λ 0 1 pX, r g ε q "λ 1 1 pX, r g ε q Ñ 0 as ε Ñ 0.
Proof. Let g ε be the metric of the graph-like manifold as constructed in Section 4.1. For any γ ă 1, we havē λ p 1 pX, g ε qpvolpX, g ε2{n Á ε´2ε 2pn´1`γq{n " ε´2 p1´γq{n Ñ 8 as ε Ñ 0 by (27') and (28'). Set now r g ε :" volpX, g ε q´2 {n g ε , then volpX, r g ε q " 1 and λ p 1 pX, r g ε q " volpX, g ε q 2{nλp 1 pX, g ε q Á ε´2 p1´γq{n Ñ 8 as ε Ñ 0.
If´1{4 ă γ ă 1{2, then the 0-form (and exact 1-form) eigenvalues of the metric graph and the manifold are close and λ 0 j pX, g ε q ε´2 γ , hence λ 0 j pX, r g ε q " volpX, g ε q 2{n λ 0 j pX, g ε q ε 2pn´1`γq{n ε´2 γ " ε 2pn´1qp1´γq{n Ñ 0.
The transversal length scale (the one of the transversal manifolds Y e ) is ε p1´γq{n Ñ 0, while the longitudinal length scale (the one of the metric graph edges I e ) is ε´p 1´1{nqp1´γq Ñ 8 as ε Ñ 0.
Unfortunately, we cannot extend the result of [GP95] to the case n " 3 and 1-forms (as the exact 1-form spectrum converges).
Families of manifolds with special spectral properties
Let us now consider families of graph-like manifolds, constructed according to a sequence of graphs tG i u iPN . We assume for simplicity that the vertex degree is uniformly bounded, say by k 0 P N. Then we have (if there are no isolated vertices)
i.e., ν i :" |V pG i q| » |EpG i q| as i Ñ 8. We first start with a general statement about the spectral convergence. Assume that tG i u iPN is a family of discrete graphs and that tX i 0 u iPN is the family of associated equilateral metric graphs, each graph X i 0 having edge lengths equal to ℓ i .
Assume now that we construct accordingly a family of graph-like manifolds tX i ε u iPN where the building blocks X v and Y e are isometric to a given number of prototypes (independent of i), such that Y e all have trivial cohomology for all 1 ď p ď n´2 (see Example 4.1), so that all graph-like manifolds X i ε are transversally trivial and hence our estimates (26)-(28) are uniform in the building blocks and (27) holds for the first exact eigenvalue. We call such a family of graph-like manifolds uniform.
Let us now specify ε i and ℓ i in dependence of the number of vertices ν i of G i . We assume that ε i " ν´α i and ℓ i " ν´β i
for some α ą 0 and β P R (negative values for β are not excluded). In particular, X i 0 now also depends on ε, and we write ν´β i X i 0 for the metric graph X i 0 with all edge lengths being ν´β i .
• -For the 0-form eigenvalue convergence in (26) to hold we need maxtβ, 0u ă α{2, as the error term is of order ε 
